Birational Calabi-Yau threefolds in the same deformation family provide a 'weak' counterexample to the global Torelli problem, as long as they are not isomorphic. In this paper, it is shown that deformations of certain desingularized weighted complete intersections provide examples of families containing birational varieties. The complete intersections of low codimension with appropriate properties are classified. For some particular families, the constructed examples are shown to be non-isomorphic, using a degeneration argument.
Introduction
The theory of Calabi-Yau threefolds has received a lot of attention in recent years, due to its relation to various fields ranging from birational geometry to superstring theory. One of the important problems in the theory is the Torelli Question: Let Y 1 , Y 2 be smooth, deformation equivalent Calabi-Yau threefolds over C, and assume that there is an isomorphism
respecting the the intersection forms and after tensoring with C, the polarized Hodge structures. Are Y 1 and Y 2 isomorphic?
The answer to this question remained elusive for a long time even in the simplest case, for general quintic hypersurfaces in P 4 . This case however was recently settled in the positive by Voisin [31] , and it is possible that the answer is positive for simply connected Calabi-Yau threefolds with Picard number one.
In this paper, I give some examples of families of threefolds where the answer to the above question is negative. They are in a sense 'weak' examples; they arise from a theorem of Kollár, which claims that there is an isomorphism of polarized Hodge structures as above if Y 1 , Y 2 are birational Calabi-Yau threefolds. In Section 1, I exhibit birational threefolds which are at the same time deformation equivalent, based on an idea of [8] , [17] . (For this phenomenon to occur, the Picard number must be greater than one, as in the Picard number one case the smooth projective birational model is unique.) It turns out that such examples can be built from Calabi-Yau threefolds with a curve of singularities. It seems worthwhile to find families of such varieties; I classify Calabi-Yau threefolds with a curve of cA 1 singularities, embedded in weighted projective space as quasi-smooth complete intersections of low codimension, in Section 2 via their graded rings. There are several families; the conditions imply that the smooth models have Picard number two.
The rest of the work is concerned with proving that the birational threefolds constructed are not isomorphic. This will be accomplished in Sections 3 to 5 for some selected families, based on an investigation of automorphisms, a degeneration argument and a result on automorphisms in families. The main result is Theorem 5.4, which in particular answers a question posed in [7, 1.6] , where one of the families is discussed in some detail.
Desingularizations of Horrocks-Mumford quintics give another example of birational, deformation equivalent Calabi-Yau threefolds [6] , the Picard number being four in that case. Indeed, it is reasonable to expect that as the Picard number increases, Torelli can fail more and more badly, although under a weak condition there will always be finitely many isomorphism classes with the same Hodge structure within a deformation family by the main result of [28] .
The examples suggest the The example of Aspinwall-Morrison [2] , featuring non-simply connected threefolds, may provide a counterexample to this more general question, but the details of that example remain to be worked out.
My final remark is that the theory of holomorphic symplectic varieties shows somewhat parallel features. On one hand, there is an example of birational, non-isomorphic varieties [10] ; on the other hand, the polarized Hodge structures (on second cohomology) of birational varieties are isomorphic, and the natural way to pose the Torelli problem is exactly the same as above [16] . However, similarities end here, [16, 4.6] shows that the finer behaviour of the two cases is quite different.
Notation and definitions
A Calabi-Yau threefold is a normal projective threefold Y with canonical singularities, satisfying K Y ∼ 0 and H 1 (Y, O Y ) = 0. These conditions imply in particular that Pic (X) ∼ = H 2 (X, Z). The Kähler cone of Y is the closed cone generated by ample classes in Pic (Y ) ⊗ R ∼ = H 2 (Y, R). Faces of this cone correspond in most cases to contractions on Y , for a classification and the Type convention see [32] .
The weighted projective space (WPS) P = P n [w 0 , . . . w n ] is the quotient of C n+1 \ {0} by the C * -action having the given weights, it is a normal projective variety with quotient singularities. It is called well-formed if the greatest common divisor of every set of n weights is one. A weighted complete intersection X = X d 1 ,... ,dc ⊂ P n [w 0 , . . . w n ] is defined by the vanishing of a regular sequence of homogeneous polynomials f 1 , . . . , f c of the appropriate (weighted) degrees. X is called quasi-smooth if the affine cone CX ⊂ C n+1 over X is smooth apart from its vertex. In this case, X is also a normal projective variety with only quotient singularities. X is called well-formed if the ambient space P is well-formed and X does not contain a codim(X) + 1-dimensional singular stratum of P . If X is well-formed and quasi-smooth then the adjunction formula holds in the form K X ∼ O X ( d i − w j ). For more details on this material, consult Fletcher [12] .
If Y is a variety, a deformation of Y over S is of course a flat map of schemes or flat holomorphic map Y → S such that for a fixed closed point 0 ∈ S, the fibre Y 0 ∼ = Y . By a slight abuse of notation, I will write T 0 Def (Y ) for the linear space classifying first order deformations of Y , this space is isomorphic to H 1 (Y, Θ Y ).
Next I summarise definitions of Ran [23] about deformations of maps. Let f : Y → X be a morphism of algebraic varieties. A deformation of f over S is a commutative diagram
where g, h are flat and
There is a vector space T 0 Def (Y, f, X) classifying the first order deformations, defined as a complicated Ext group over some Grothendieck topology. There are natural maps
to the first order deformation spaces of X and Y . If Y → S is a family, possibly with a relatively ample relative Cartier divisor L on Y, I will denote by Birat X /∆ , Aut X /∆ and Aut (X ,L)/∆ the scheme of relative birational automorphisms, automorphisms and polarized automorphisms of the family, respectively.
Finally, H * (X) and H * (X) denote integer (co)homology modulo torsion.
1 The general framework Construction 1.1 Let Y be a smooth Calabi-Yau threefold containing a surface E ruled over a curve C of genus g ≥ 2, necessarily smooth by [32] , [33] , which can be contracted inside Y by a log-extremal contraction given by the divisor H ∈ Pic (Y ):
Let Y → S be the the Kuranishi family of Y . Its base S is smooth by Unobstructedness [29] , [30] , so it can be identified with an open disc in
There is an obvious one-toone correspondence between vectors v ∈ H 1 (Y, T Y ) contained in S under the identification and maps from the unit disc f v : ∆ → S, given by f v (z) = zv. The map f v gives a pullback family π v : Y v → ∆ with smooth Calabi-Yau fibres.
Wilson [32] shows that E deforms on a proper submanifold S E ⊂ S of codimension g. In the language of deformations of maps, S E is the image of the linear map Proof As h 2 (O Y ) = 0, the divisor H extends uniquely over the family, and by assumption H t is a nef and big divisor on all fibres Y t . So π v * (mH) is a vector bundle over ∆ and | mH | defines a morphism. The exceptional locus over t ∈ ∆ * is a finite union of rational curves by [32] , their expected number (Gromov-Witten invariant) is calculated in [34, 2.3] . The last statement follows from [22, 11.4] . 
over ∆, where the birational map ψ t flops the curves C i t on Y t for t ∈ ∆ * and gives an isomorphism on the fibre over 0.
Proof X v has only cDV singularities, so the existence of the flop can be seen by taking hyperplane sections and using [22, 11.10] . Y + v is smooth, so the birational map Y v Y + v is an isomorphism in codimension 1, which shows that ψ 0 is an isomorphism.
2
The family Y + v → ∆ has central fibre Y , so corresponds to some vector α(v) ∈ H 1 (Y, T Y ). Shrinking S if necessary and defining α as the identity on S E , one obtains a map α : S → S which is clearly an involution. The following is a tautology:
The map α is linear in the obvious sense, its fixed locus is exactly S E .
Proof Let v 1 , v 2 ∈ S \S E such that v = v 1 +v 2 ∈ S also, then the maps f v i give a map ∆ 2 → S. The map f v coincides with the composite map ∆ → ∆ 2 → S where the first map is the diagonal one. The flop can just as well be constructed over ∆ 2 which shows linearity immediately. The obvious modification of this argument gives works also if some v i ∈ S E . Now suppose v is not in S E but it is fixed by α. By universality of the Kuranishi family, this means that the birational map ψ is the identity on all fibres. This is clearly nonsense.
Over ∆ * one therefore has birational deformations Y t , Y + t of Y . In fact, it can happen that α = σ * for some σ ∈ Aut (Y ) acting on the base of the Kuranishi space -an example of this will be discussed in Section 3, cf. Remark 3.2. In this case, the varieties Y t , Y + t are isomorphic. A converse to this statement is given Theorem 5.1, and indeed it will be shown that Y t , Y 
Examples in low codimension
I now make some simplifying assumptions. I assume that X is a quasi-smooth well-formed weighted complete intersection X d 1 ,... ,dc ⊂ P n [w 0 , . . . , w m ] of codimension at most four, and that the curve C is a curve of cA 1 -singularities of X; the latter is equivalent to E being geometrically ruled over C. It follows that the Picard number of X is one, and that X is not factorial but only Q-factorial. Let D ∈ Weil (X) \ Pic (X) denote the ample Q-Cartier class (unique up to torsion) which is Cartier away from the singular curve and non-divisible as a Weil divisor. The main aim in this Section is to write down a Riemann-Roch expression for h 0 (X, nD), the number of sections of the divisorial sheaf O X (nD), cf. [25] , and use the 'Reid Let f : Y → X be the blowup of C on X (or the log-extremal contraction on Y ), then H 2 (X) ∼ = Pic (X)/torsion and H 2 (Y ) are free rank-two dual Z-modules. Let H = f * (2D), a primitive (non-divisible) class in Pic (Y ), let l be the fibre of the ruling of E.
Lemma 2.1 l is a non-divisible class in H 2 (Y ), whereas the class H +E is 2-divisible in H 2 (Y ).
Proof Assume that l = 2f for some f ∈ H 2 (Y ), then the intersection numbers are H · f = 0, E · f = −1. Hence f is necessarily primitive, so one can choose a class r ∈ H 2 (Y ) which together with f forms a Z-basis of H 2 (Y ). Let H · r = m, E · r = n, then n is an integer and m is an odd integer, the latter by Poincaré duality.
The reflexive sheaf O X (D) is invertible away from C, so there is a Cartier divisor A on Y with a surjective map of sheaves
the kernel of which is supported on the exceptional locus. In other words, as Q-Cartier divisors,
But this is a contradiction, for if the first integer is even, the second must be odd as m is odd. This proves the first statement. Let now r ∈ H 2 (Y ) denote a class which, together with l, gives a Z-basis of H 2 (Y ). The intersection numbers H · r, E · r must be odd integers by Poincaré duality. But then (H + E) · l, (H + E) · r are both even and using Poincaré duality again, the second statement follows. 2
Proof By construction, E and H intersect in a number of fibres, this number being given by the intersection number (2D) · C on X which must be positive as D is ample.
Theorem 2.3 The number of sections of the divisorial sheaf O X (nD) is given by the following formula:
h 0 (X, nD) = 1 6 n 3 D 3 + 1 12 nc 2 (X) · D − 1 8 nkI (n ≡ 1 mod 2),
where I is an indicator function, and as usual, c 2 (X) · D is to be calculated on any resolution (e.g. on Y ).
Proof The proof is a copying-out of [25, 9.2] . By Kawamata-Viehweg,
2 nH) and Riemann-Roch for the latter together with the obvious
which simplifies to the formula in the statement, as
and using [8, 2.3] ,
.
2
The formula can be rewritten in the slightly more attractive form
As explained in detail by Fletcher in [12, III.9], such formulae can be used to generate examples of varieties in weighted projective spaces as follows: fix a set of constants {D 3 , h 0 (D), k}, form the power series
using the formula, and see whether this series can be the Hilbert series of the graded ring
of a complete intersection variety. It is well-known, that this is only possible if one can write the series in the closed form In the first Appendix, I show that there is a finite number of triples {D 3 , h 0 (D), k} that need to be considered, details of the finite search are also in the Appendix. The result, dubbed the 'raw list' by Fletcher, is the following (n.b. there are no codimension four complete intersections at all):
In the second Appendix, I make some remarks about non-complete intersection varieties whose existence is predicted by this method.
Proposition 2.5 Except for the families marked with an asterix, the general member of the above families is a quasi-smooth well-formed Calabi-Yau complete intersection in the indicated WPS with a curve of cA 1 singularities and Picard number one.
Proof [12, prove that quasi-smoothness holds in all the unmarked cases of codimension one or two. The same methods can be used to show that the codimension three cases also give quasi-smooth varieties.
As the varieties are complete intersections, h 1 (O X ) = 0 and rk Pic (X) = 1. Well-formedness is easily checked, so adjunction holds and gives K X ∼ 0.
Finally, all singularities are quotient singularities, and using the techniques discussed in [12, III.3.19] , it is easily seen that in all cases and on all relevant singular strata they are The computation of the genus of the singular curve is routine: I only give two examples.
Examples 2.6
The genus of the singular curve of X 4,10 ⊂ P 5 [1, 2 4 , 5] is 16, whereas that of
Proof The first WPS is singular along the locus {x = z = 0} where x, z are the variables of degrees 1,5 respectively.
The second WPS is singular along {x i = 0}, and this locus is entirely contained in the locus defined by the degree 3 equations, so
which is a rational curve. 2 The rest of this paper is concerned with the varieties appearing in Table 2 .7, cf. Section 1. The entries in the last two columns will be explained in due course. The next Table is included only for completeness: 
Remark 2.9 Most of these varieties have of course occured in the literature before, cf. [32] , [8] , [15] and in particular in computer-generated lists such as Klemm's [19] . The last author ignores the possibility that one weight w i can actually be larger than a degree d i for codimension two complete intersections, cf. [12, III.9.14], so his list is not complete.
Remark 2.10
The clause about the varieties being general in moduli refers to the following: the method used above, based on the Hilbert series, cannot distinguish between the varieties
where the quartic polynomial does not involve the degree four variable. However, a general deformation of the latter is clearly an octic in P 4 [1 2 , 2 3 ]. This phenomenon occurs with many of the varieties above. Incidentally, the special
is also known as the double cover of the intersection of two quadrics in P 5 , one nonsingular and one of rank three, branched over a quartic.
Apart from the invariants discussed already, the Tables include some other bits of information. The Euler characteristic of Y (not needed for the purposes of the paper) is given by χ(Y ) = χ(X) − 3(g − 1) using additivity of χ and χ(E) = 4(1 − g). χ(X) can be computed from the formula in [15, Section 2] .
The next bit of new information in Table 2 .7 concerns the Kähler cone of the smooth model Y , this description will be used later. Y has Picard number 2, so its Kähler cone has precisely two extremal faces. One is of course generated by H, whereas the other corresponds (at least in good cases) to some other log-extremal contraction: if the face is (rational and) generated by the nef (effective) Cartier divisor L, then for large m one has the morphism g = ϕ |mL| : Y → Z to some other Calabi-Yau with canonical singularities.
The other contraction on Y can be found as follows. (I will use the language of toric varieties [14] .) X is a subvariety of a WPS P , which is a toric variety. This ambient variety can be partially resolved by a suitable blowupf :P → P which gives the resolution f : Y → X, cf. Batyrev [3] , Batyrev-Borisov [4] . The spaceP is also a toric variety, and it has a two-dimensional space of curves. So the closed cone of curves N E(P ) has exactly two extremal rational rays, represented by toric strata using results of Reid [24] . Reid in this paper also gives a practical method to find the corresponding contractions, in particular the other contractiong :P →P . If this contraction contracts a numerical class of curves which is represented in the subvariety Y , which need not be the case in general, then one has found the other contraction on Y . (Cf. also Kollár's result in the Appendix of [5] .)
The results of Reid can be summarized in the following:
Theorem 2.11 LetP be an n-dimensional projective Q-factorial toric variety, let w be an (n − 1)-dimensional cone in its fan such that the corresponding closed toric stratum l w gives an extremal ray (Reid gives a precise criterion to determine when a curve stratum is extremal, see [24, 2.10] ). Let w be the intersection w = σ n ∩ σ n+1 of two different n-cones generated by the primitive vectors {f 1 , . . . , f n }, {f 1 , . . . , f n−1 , f n+1 }. Then there is a relation
with a n+1 = 1, a n > 0. Assume that a i is negative for 1 ≤ i ≤ δ, zero for δ + 1 ≤ i ≤ β and positive for β + 1 ≤ i ≤ n + 1, where of course 0 ≤ δ ≤ β ≤ n − 1. There is a contraction morphismg :P →P contracting precisely those curves which are numerically equivalent to l w . Ifg | A : A → B denotes the locus whereg is not an isomophism, then A, B are irreducible closed strata, A corresponds to the cone spanned by {f 1 , .
This enables me to check Proposition 2.12 For every variety in Table 2 .
7, the contractiong restricted to Y gives a nontrivial contraction g : Y → Z, with the Type and image variety indicated.
Proof This is a not very difficult if somewhat tedious case-by-case check, the details for some representative cases are given below.
• X 6,10 ⊂ P • X 4,10 ⊂ P 5 [1, 2 4 , 5]: the fan is now given by e 0 = (−2, −2, −2, −2, −5), e 1 , . . . , e 5 in N = P 5 , the extra ray is e 6 = 1 2 (e 0 + e 4 ) = (−1, −1, −1, −1, −2). The extremal ray is w = (e 0 e 1 e 2 e 3 ), the relation is −e 0 + e 1 + e 2 + e 3 + e 4 + 5e 6 = 0,g contracts a divisor to (0 : 0 : 0 : 0 : 0 : 1) ∈ P 4 [1 5 , 2]. The contraction is Type II, the image variety is Z 2,5 ⊂ P 4 [1 5 , 2], where the degree two relation does not involve the degree two variable.
• X 4,6 ⊂ P 5 [1 2 , 2 4 ]: in this case the fan is given by e 0 = (−1, −2, −2, −2, −2), e 1 , . . . , e 5 , e 6 = 1 2 (e 0 +e 1 ) = (0, −1, −1, −1, −1), w = (e 1 e 2 e 3 e 4 ) with relation e 2 +e 3 +e 4 +e 5 +e 6 = 0, so the exceptional locus is the wholeP and the image is P 1 . (Incidentally, the resolutions in all h = 2 cases are related to scrolls, and this also shows that the other contraction must be a K3 fibration to P Proof By the main result of [32] , this is true if no deformation of Y contains a surface which is (quasi-) ruled over an elliptic curve. A sufficent condition for this is that there is no class F ∈ H 2 (Y ) satisfying 
Automorphisms
The last column of Table 2 .7 indicates a division into cases. Some of the varieties X in the table have an obvious involution: if one of the variables z occurs to power two in some equation and does not occur in the other equations (if there are any at all), then one can complete the square by a change of variables in the WPS and then i : z → (−z) gives the involution. I call a variety X without such an involution Type A. Varieties with such automorphisms are called Type B or C, this further division being explained below. The first example is a Type A variety, illustrating the discussions of the paper so far:
, a variety discussed at length from the point of view of mirror symmetry in [8] , deformations of which also featured in [7, 1.6] . X is singular along a smooth plane curve of genus 3, the resolution Y is a smooth Calabi-Yau threefold with Hodge numbers h 1,1 = 2, h 2,1 = 86. So S is 86-dimensional, and it is easy to check that deformations of X in the weighted projective space account for 83 deformations -being the image of the locus S E where E deforms upstairs, in perfect agreement with the general theory. The linear system O(2) embeds P 4 [1 2 , 2 3 ] as a quadric Q 3 of rank 3 in P 5 , say with equation
2 , where z i are the coordinates on the P 5 . The hypersurface X becomes a complete intersection of Q 3 with a quartic F 4 in P 5 , and here more deformations are visible: one can deform F 4 , or the quadric Q 3 .
The singularities of the quadric Q 3 can be resolved by blowing up the vertex, which is exactly the map F (2, 0, 0, 0) → Q 3 (see for example [26, 2.6] ), where F (2, 0, 0, 0) is a rational scroll. This scroll can be deformed to the scroll F (1, 1, 0, 0) , there is a map ϕ : F (1, 1, 0, 0) → Q 4 ⊂ P 5 to a quadric of rank 4, say with equation z 2 2 − tz 2 4 = z 1 z 3 . Intersections of this quadric with F 4 give deformations X t of X, with 2g − 2 = 4 isolated cA 1 points at z 1 = . . . = z 4 = 0. The resolution Y t → X t replaces these points by rational curves. The Kähler cone of Y t is generated by the face corresponding to the contraction, and the face giving a fibration with base P 1 , coming from the structural map of the rational scroll. The following diagram summarizes the state of affairs:
The flop can also be explained using this picture. As described for example in [26] , F (1, 1, 0, 0) is a quotient of (A 2 \ {0}) × (A 4 \ {0}) by the group (C * ) 2 , where the two multiplicative actions have weights (1, 1; −1, −1, 0, 0) and (0, 0; 1, 1, 1, 1) respectively. If t i , u i denote the coordinates on the affine spaces, then the map ϕ can be given by
having image the quadric z 1 z 3 = z 2 2 − tz 2 4 . There is however an ambiguity in the choice of the sign of the square root. This does not matter in P 5 , as the two choices are isomorphic under the map σ : P 5 → P 5 , z 4 → −z 4 , z 1 ↔ z 3 . However, taking the intersection with the quartic F 4 , the two choices give different resolutions as long as σ is not an automorphism of F 4 . This gives the two resolutions found abstractly before. The following is an example of an X with nontrivial automorphism group:
] (also discussed in [8] ). The singular locus is a curve of degree six in P 2 [1 2 , 3] of genus 2, the resolution Y has Hodge numbers h 1,1 = 2, h 2,1 = 128. In this case, the singular threefold is a double cover X → P 3 [1 2 , 2 2 ] ∼ = Q 3 ⊂ P 4 of a quadric of rank 3 in P 4 , branched over a sextic. The singular locus of the quadric is the vertex P 1 , and the singular locus of X now appears as a double cover of P 1 branched over six points. Deforming Q 3 to Q 4 , one gets a cone with a single singular point, avoiding the general branch locus, giving 2 = 2g − 2 singular points on X t .
The quadric is again resolved by a scroll F (2, 0, 0) → Q 3 , and Y is a branched double cover of this scroll. In fact, the variety Y is hyperelliptic in the terminology of Fujita [13] , it is denoted by Σ 3 (2, 0, 0) + 3,0 in Fujita's paper. By [13, 7.13] , all small deformations of Y are double covers, the general deformation is a double cover of the scroll F (1, 1, 0) . Hence the explicit description of the flop is as before, coming from the same sign ambiguity. The Kähler cone of X t is again generated by the contraction wall and the wall corresponding to the K3 fibration coming from the structural map of the scroll.
I define the singular Calabi-Yau X with an order two automorphism to be of Type B, if its resolution Y and all small deformations of Y are double covers, otherwise I define it to be of Type C.
The last example features Type C varieties:
. The fixed locus of the involution i : z → (−z) is in this case reducible : it is the union of the Weil divisors T 1 = {z = 0} and T 2 = {x = 0} which intersect in the curve C of singularities. The quotient is X/ i ∼ = P 3 [1, 2 3 ] ∼ = P 3 , the image of the curve C is {t 1 = 0} ∩ {g 7 (t 1 , . . . t 4 ) = 0} = γ. The involution extends to the resolution Y , having fixed locus the disjoint union of the proper transforms T ′ i , acting by squaring in the P 1 -fibres of the exceptional locus. (This statement can be checked explicitly, writing down equations for the blowup of various affine pieces.) The quotient upstairs is Y / i ∼ = W = B γ P 3 , the blowup of P 3 along the curve γ.
The varieties X 6,10 ⊂ P 5 [2 4 , 3, 5] and X 4,10 ⊂ P 5 [1, 2 4 , 5] and their resolutions are double covers in exactly the same way. In the first case, W ∼ = B γ P 3 where γ is the complete intersection of a cubic and a quintic, whereas in the second W ∼ = B γ Q where Q is a hyperquadric in P 4 and γ is the intersection of a hyperplane and a quintic inside the quadric. Thus in all cases, one obtains a diagram
where P is either P 3 or the quadric Q, π is the blowup map, l, k are the inclusions of the exceptional divisors and the top three horizontal arrows are double covers.
In either of the above cases, denote by T + 0 Def (Y ) the subspace of T 0 Def (Y ) corresponding to deformation directions along which the double cover structure is preserved (this is defined rigourously in [13, 7.9] ).
Proof Let Θ W be the tangent bundle of W , N γ/P the normal bundle of γ in its ambient space. First I show the following: Proof The tangent bundle of W is given by Θ W ∼ = π * Θ 0 P , where the latter sheaf is defined by the exact sequence 0 → Θ 0 P → Θ P → j * (N γ/P ) → 0, here j : γ → P is the inclusion. It is easy to check that R q π * (π * Θ 0 P ) = 0 for q > 0, so by Leray
The exact sequence gives a sequence
where the last group is well-known to be zero. 2
Now consider the following diagram:
Here µ, δ, ν are the obvious maps, ψ is the inclusion, F the fibre product. Its elements are pairs of vectors giving a first-order deformation Y → S = Spec C [ǫ] /(ǫ 2 ) of Y with an involution i on Y, and a first-order deformation (W, E ′ ) → S of the inclusion l : E ′ → W , with compatible image in T 0 Def (W ). In other words, elements of F give a diagram
where q is the quotient map, and all maps over S are flat. q is finite, so E = q −1 (E ′ ) is a relative Cartier divisor on Y , flat over S, hence one obtains a deformation E → Y of E → Y . This defines the map λ in the previous diagram. By construction, the left square becomes commutative. Lemma 3.6 shows that δ is surjective, so β must also be surjective. Then the commutativity of the left square shows that the image of the inclusion ψ must be contained in the image of ν, and this proves Proposition 3.5.
Thus these examples are indeed of Type C: along a deformation of Y as a double cover, the exceptional divisor E also deforms. Hence a general small deformation of Y must destroy the double cover structure. Proof The proof is by explicit computation. First assume that σ is a nontrivial element of the automorphism group of the hypersurface
Conjecture 3.7 Let X be a general variety of any of the families in
where x = (x j ), y = (y j ) are the homogeneous coordinates of degrees 1, 2 respectively; I already made an appropriate coordinate transformation to bring the quadratic x j term into the standard general form. The Picard group of X is of rank one, which implies that σ comes from a projective automorphism of P 4 [1 2 , 2 3 ]. Hence by [9, 4.7] ,
where A is a 2 × 2 matrix, B, C are 3 × 3 matrices and S 2 x is a shorthand for (x 2 1 , x 1 x 2 , x 2 2 ) t . Then the statement is that if this transformation leaves the defining equation of X invariant up to constant, then up to an overall constant, B = I, C = 0, A = ±I. (The final sign is part of the C * -action in the definition of weighted projective space.)
The singular locus of X is given by {x j = 0}, it is the genus three plane curve given by {g 4 = 0} ⊂ P 2 . This has to be mapped isomorphically by σ, so if g 4 is general then B = I (fix the constant to be 1). Now investigate terms containing cubics in y j . Write A = (a jk ), C = (c jk ), g 4 ( y) = µ jklm y j y k y l y m , g 3 ( y) = λ jkl y j y k y l . Then one obtains altogether 45 equations, three of which are given below: Eliminating the quadratic a jk terms in the obvious way, one obtains 42 homogeneous linear relations for the 9 unknowns c jk . Choosing the 25 coefficients λ jkl , µ jklm sufficiently generally, the only possible solution is C = 0. So the automorphism is σ( x) = A x ,σ( y) = y, and it has to fix the octic f 8 ( x) = 0. For general choice of the octic polynomial, the only possibility is A = δI and then clearly δ = ±1. Thus up to constant, A = ±I, B = I, C = 0 as stated. Now consider a general X 12 ∈ P 4 [1 2 , 2 2 , 6], by completing the square I may assume that it is given by the equation z 2 + f 12 ( x, y) = 0. σ ∈ Aut (X 12 ) must be given by
and the statement is A = ±I, B = I, C, D, E, F, G = 0, δ = ±1. The singular locus is the general sextic curve in P 3 [1, 1, 3] , with automorphism group {±1}, so B = I, D = 0, δ = ±1.
As there is no z term in the equation, necessarily E, F, G = 0. Then the automorphism is really an automorphism of the hypersurface {f 12 = 0} and C = 0, A = ±I follows exactly as in the previous case. Finally take a general X 12 ∈ P 4 [1, 2 2 , 3, 4]: after a change of variables, its equation is
An automorphism σ is given by
The singular locus is a general genus four non-hyperelliptic curve given by {x = z = 0}, so A = I, δ = 1, D = 0. As there is no t 2 term in the equation, ǫ = η = 0, E = 0. The term of degree zero in t contains no z 3 term, so C = 0 and λ = 0. One is then left with an automorphism given by
On one hand, f 12 is really a general sextic polynomial in x 2 and the y i 's, so it has no automorphisms and so B = 0, β 2 = 1. On the other hand, the z 2 term must be fixed so γ 2 = 1. Finally the general polynomial will contain an x 9 z-term so βγ = 1. So (β, γ) = ±(1, 1) and this is again the sign change coming from the C * -action, so the general X has no automorphisms. 2
Automorphisms in a family
Let X → B be a family of Calabi-Yau threefolds with canonical singularities over a complex space B, having a simultaneous resolution Y → X over B. Let L be a relatively ample relative Cartier divisor on X . Let Aut B (X , L) be the scheme of relative automorphisms in the family. Proof Aut B (X , L) is unramified over B, as the fibres of the families X are varieties without infinitesimal automorphisms. Quasi-finiteness is clear, so it remains to prove properness. Suppose that ∆ → B is a holomorphic map, where ∆ is a one-dimensional complex disc. One obtains a diagram
Here Y ∆ → ∆ is flat with smooth fibres, so Y ∆ → X ∆ is a simultaneous resolution. Note that the exceptional locus over the closed point contains no divisors of Y ∆ . Properness of Aut B (X , L) over B now follows from the valuative criterion and the two Lemmas below, which I learned from Fantechi-Pardini [11] . 
Relation to the Torelli problem
The Proposition from the previous section will be used in the proof of Remark 5.5 The infinitesimal Torelli theorem always holds for Calabi-Yau manifolds, the local period map ϕ : S → D is an embedding from the Kuranishi space to the appropriate period domain. The point is that if Γ denotes the arithmetic monodromy group, then the map D → D/Γ is ramified at the image of Y in all the above cases.
Remark 5.6 The trouble with Type C varieties is that although the above argument produces a nontrivial automorphism on the general X t , I do no know how to prove that the specialization of this automorphism must be different from the known involution i on the central fibre X. So α acting on S may coincide with i * .
The procedure either stops after producing at most eight weights and four less relations, in which case the item found is added to the 'raw list', or else there are too many weights or relations. In this case the triple is discarded.
Lemma There are only finitely many triples {d, h, k} that need to be considered.
Proof The codimension of X is assumed to be at most four, so there are no more than eight weights, and it is easily seen that at least two of them must be different from one. So h ≤ 6. The formula for h 0 (2D) shows that l = 4d and m = 1 4 k + d must be positive integers. The coefficient of t 2 in (1 − t) h P (t) is 3 2 h − h 2 + m, and there are two cases: either this coefficient is negative, which gives an upper bound for m immediately, or it is non-negative in which case it gives the number of twos among the weights, so necessarily h + ( 
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A simple condition for existence is to use the Cohen-Macaulay assumption and 'cut the varieties by four hyperplanes', i.e. to find a product 3 i=0 (1 − t w j i )P (t) which is a polynomial with positive coefficients, giving the Hilbert series of a finite-dimensional Artinian ring. This property can easily be checked in the above cases. It would be of some interest to see whether the methods of [1] can be used to establish the existence of these varieties.
